Partial Differential Equations (TATA27)
Spring Semester 2017
Homework 5

5.1 Solve (6.1) with:
(a) g(x) =e® and h(x) = sinx;
(b) g(x) =log(1l + z?) and h(z) =4 + x.

5.2 Suppose both g and h are odd functions and w is the solution of (6.1). Show that u(-,t) is also
odd for each t > 0.

5.3 By factorising the operator as we did in Section 6.1, solve the following initial value problems.

(a)
Opu(x,t) — 30gu(x,t) — 40zu(x,t) =0 for x € R and t > 0,
w(x,0) =2 and du(z,0) = e” for z € R.

(b)

Opu(z,t) + Opru(x,t) — 200,5u(x,t) =0 for x € R and t > 0,

u(z,0) =2? and Qu(z,0) =e® for z € R.

5.4 For a solution u of the wave equation Oy u(x,t) — Oppu(z,t) =0 (with p=T =c=1,z € R
and t > 0), the energy density is defined to be
1
ez,t) = 5 ((Ou(,1))* + (Dzu(w,1))?)

and the momentum density

p(z,t) = dwu(z, t)Opu(z, t).

(a) Show that de/dt = Op/dx and Op/dt = Oe/dx.
(b) Show that e and p also satsify the wave equation.

5.5 Suppose that u is a solution of the wave equation dyu(z,t) — c29,u(z,t) =0 (z € R, t > 0).

(a) Show that for a fixed y € R, v defined by v(z,t) = u(z — y,t) is also a solution of the
wave equation.

(b) Show that for a fixed a € R, w defined by w(z,t) = u(az,at) is also a solution of the
wave equation.

5.6 Consider a solution u to the damped string equation
Opu(z,t) — Oppu(w,t) + ropu(r,t) =0 (z € R, t>0)

for ¢ =T/p and T, p,r > 0. Define the energy by the same formula we used in class:

Elu)(t) = %/_OO p(Opu(z,t))? + T(0pu(z, t))*dx.

Assuming u and its derivatives are sufficiently smooth and decay as x — 400, show that the
energy E[u] is a non-increasing function.



