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M3 av L-E Andersson. No calculators.

1. Consider the following Neumann problem for the wave equation on the
half-line:
Upp — gy =0 fort >0and 0 <z < 00

and
uz(0,t) =0 for ¢t >0,

supplied with the initial conditions

r—1 forl<z<2
0 for 0 <z <1 and for z > 2.

u(z,0) =0 and wu(z,0) = {
Find u(1,5/4).
2. Prove the maximum principle for the equation
Ugz + Uyy + 2u; =0 on D,
where D is the rectangle (0,1) x (0,2). Namely, prove that

mgxu(w, y) < max u(z, Y)-

Hint: examine the function u(z,y) + e(y — ¢)? with an appropriate
choice of € and c.

3. Solve the following initial boundary value problem for the heat equa-
tion:
Ut — DUz =0 fort>0and 1 <z <2,

u(l,t) = ug(2,t) =0 fort >0

and
u(z,0)=x—1 forl <z <2.

4. Solve the following problem:
Uy = Uge + 22Uz +u for ¢ >0 and —oo <z < 00

and
u(x,0) =d0(x), wu(z,0) =0 for —oco < x < 0.



5. Let g be a distribution on R. Consider the following equation

"=y, (1)

where f is unknown distribution.
(i) Let ¢ € D(R) satisty

/Oo Y(x)dr = 1. (2)
Show that the functional
(o) =, [ oy~ [ oty [ vt @

is a distribution and solves equation (1).

(ii) Let 11 and 19 be two test functions satisfying (2) and let f; and
f2 be the distributions given by (3). Show that f; — fo = const.

6. Let D be a bounded domain in R? with boundary bdyD. Prove that

min///D(|Vu]2—2fu)dxdydz,

where min is taken over all 4 which is zero on bdyD, is attained on the
solution of
—Au=f inD

and
u=0 on bdyD.



