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1. Consider the following Dirichlet problem for the wave equation on the
half-line:
Ut — gy =0 fort >0and 0 <z < o0

and
u(0,t) =0 fort >0,

satisfying the initial conditions u(z,0) = 0 for x > 0 and

1 forl1<z<2
0 forz>2andfor 0 <z < 1.

ut(xv 0) = {
Find the solution to this problem and calculate u(1/2,1/3).
2. Solve the following boundary value problem for the Laplace equation:
Ugy T+ Uyy =0 for 0 <z <3and 0 <y <2,
uy(z,0) =u(z,2) =0 for0<a <3

and
ug(0,y) =y* —4 and u(3,y) =0 for 0 <y < 2.

3. Consider the function v = u(z,t) which satisfies the heat equation
Ut —Uppy =1 for 0 <z < 1andt >0,
the Dirichlet conditions
u(0,t) =u(1,t) =0) fort>0

and the initial condition w(z,0) = 0. Show that (1 — z)/2 — 1/8 <
u(x,t) < x(1 —x)/2 and then improve the lower estimate by showing
that v is nonnegative.
4. Find .
min/ (u® + 3u? + zu/)dz,
0

where the minimum is taken over all functions satisfying «(0) = 1 and
u(l) =2.



5. Let
z forxz<O

flxy=< 1 for0<ax<l1
23 forx>1

Calculate the second derivative of f in distributional sense.

6. Show that the wave equation
Ugy — 4uzy = cos(e’z) for0 <z <landt >0
supplied with boundary conditions
u(0,t) =0 and wug(1l,t)=0 fort >0
and satisfying the initial conditions
u(z,0) = u(z,0) =0 for0<z <1

has at most one solution. (Use the energy method for proving this
uniqueness result).



