
Partial Differential Equations (TATA27)
Spring Semester 2019
Solutions to Homework 5

5.1 Suppose u ∈ C2(Ω) satisfies ∆u− λu = 0 in Ω and v ∈ C1(Ω) is such that v(x) = u(x) for all
x ∈ ∂Ω. Then, setting w = v − u and using Green’s first identity (5.8), we see that

Eλ[v] =
1

2

∫
Ω

(|∇v(x)|2 + λ|v(x)|2)dx

=
1

2

∫
Ω

(|∇w(x) +∇u(x)|2 + λ|w(x) + u(x)|2)dx

=
1

2

∫
Ω

(|∇w(x)|2 + λ|w(x)|2)dx + Eλ[u] +

∫
Ω

(∇w(x) · ∇u(x) + λw(x)u(x))dx

=
1

2

∫
Ω

(|∇w(x)|2 + λ|w(x)|2)dx + Eλ[u] +

∫
Ω

w(x)(−∆u(x) + λu(x))dx

=
1

2

∫
Ω

(|∇w(x)|2 + λ|w(x)|2)dx + Eλ[u]

≥ Eλ[u].

5.2 Suppose u ∈ C2(Ω) satisfies the boundary value problem{
∆u = 0 in Ω, and
∂u
∂n := n · ∇u = h on ∂Ω

For v ∈ C1(Ω) set w = v − u. Then, using Green’s first identity (5.8),

Eh[v] =
1

2

∫
Ω

|∇v(x)|2dx−
∫
∂Ω

h(x)v(x)dσ(x)

=
1

2

∫
Ω

|∇w(x) +∇u(x)|2dx−
∫
∂Ω

h(x)(w(x) + u(x))dσ(x)

=
1

2

∫
Ω

|∇w(x)|2dx + Eh[u] +

∫
Ω

∇w(x) · ∇u(x)dx−
∫
∂Ω

h(x)w(x)dσ(x)

=
1

2

∫
Ω

|∇w(x)|2dx + Eh[u]−
∫

Ω

w(x)∆u(x)dx +

∫
∂Ω

(
∂u

∂n
(x)− h(x)

)
w(x)dσ(x)

=
1

2

∫
Ω

|∇w(x)|2dx + Eh[u]

≥ Eh[u].


