Partial Differential Equations (TATA27)
Spring Semester 2019
Solutions to Homework 4

4.1 For two functions u,v € C%(Q), Green’s first identity (5.8) says

/{m v(x)g—z(x)da(x) = /Q(Vv(x) - Vu(x) + v(x)Au(x))dx.

Reversing the roles of v and v, we also have

/{m u(x)g—z(x)da(x) = /Q(Vu(x) -Vo(x) + u(x)Av(x))dx.

Subtracting the first equality from the second, we obtain

/Qu(x)Av(x) —v(x)Au(x)dx = /aQ U(X)%(X) — v(x)g—z(x)da(x).

4.2 Let Q be an open set with C'' boundary, and let f: @ — R and g: 9Q — R. Suppose we had
two solutions u € C?(2) to the following boundary value problems.

(a) Suppose we had two solutions uy,us € C2(2) to the boundary value problem

Au=f in , and
u=nh on 0f).

Then v = u; — ug solves
Av =0 in €2, and
v = on Of).

Therefore, using (5.8),

[ 19ueoax = [ Vo) Toiix =~ [ ox)avix)ax =0

which implies Vv = 0, so v must be a constant. However, since v is zero on 0f), it must
be that v = 0. Therefore u; = us.

Suppose we had two solutions u1,us € C?(2) to the boundary value problem

Au=f in , and
g—ﬁ +au=nh on Of)
Then v = u; — ug solves
Av =0 in , and
% +av=0 on Of)
Therefore, using (5.8),
O§/ |Vv(x)|2dx:/Vv(x)~V’u(x)dx:f/ v(x)Av(x)der/ v( )@(x)do(x)
Q Q Q o0 On
Ov
= v(x)—(x)do(x
| o605 ot
_ —a/ lo(x)2dor () < 0
o0
which implies Vv = 0, so v must be a constant. This means g—fl = 0 on 09 and so

the boundary condition then tells us that av = 0, which implies v = 0, since a > 0.
Alternatively, we also see from the above calculation that

/ [o(x)|2dor(x) = 0,
o0

so if v is a constant it must be zero.

In any case, we can thus conclude that u; = us.



4.3 Suppose we had two solutions u1,us € C?(£2) to the boundary value problem
Au=f in ©, and
Qu=h  ondf

Then v = u; — ug solves

Av=0 in 2, and
=0 ondQ
Therefore, using (5.8),

2X_ v(X) - viX)ax = — V(X viX)ax ’UX@X (X
[ veeorax = [ Vo) Tueoix = - [ veoAvix+ [ o7 e
:/ v(x)g—:l(x)da(x):()
[219]

which implies Vv = 0, so v must be a constant. This means u; = uy + ¢ for some constant
¢ € R, 50, no, there cannot be any more C?(€2) solutions.



