
Partial Differential Equations (TATA27)
Spring Semester 2019

Homework 1

Review of previous seminar

In the first seminar we studied Chapters 1 and 3. Read through these chapters to check your
understanding and fill in any gaps. Then attempt the following question.

1.1 Prove that the following operators are linear operators.

(a) ∇ = (∂1, ∂2, . . . , ∂n) acting on functions u : Rn → R.

(b) The divergence operator div which acts via the formula div(u) =
∑n

j=1 ∂ju
j on functions

u = (u1, u2, . . . , un) : Rn → Rn.

(c) curl acting on functions u = (u1, u2, u3) : R3 → R3 by the formula

curl(u) = (∂2u3 − ∂3u2, ∂3u1 − ∂1u3, ∂1u2 − ∂2u1).

(d) ∆ := ∇ · ∇ =
∑n

j=1 ∂
2
j acting on functions u : Rn → R.

1.2 Classify the following equations in u as linear or non-linear (non-linear means not linear) and
give the order of the equation.

(a) utt(x, t)− uxx(x, t) + xu(x, t) = 0

(b) utt(x, t)− uxx(x, t) + x2 = 0

(c) ut(x, t) + uxxxx(x, t) +
√

1 + u(x, t) = 0

(d) ux(x, y) + eyuy(x, y) = 0

Preparation for the next seminar

In preparation for seminar 2 read through Chapter 2 and attempt the following two problems.

1.3 Use the method of characteristics to find an explicit formula for a smooth function u : R2 → R
which solves the equation

ux(x, y) + yuy(x, y) = 0 for all x, y ∈ R

and satisfies the condition u(0, y) = g(y) for all y ∈ R where g is a given smooth function.

1.4 Use the method of characteristics to find an explicit formula for a smooth function u : R2 → R
which solves the equation

(1 + x2)ux(x, y) + uy(x, y) = 0 for all x, y ∈ R

and satisfies the condition u(0, y) = g(y) for all y ∈ R where g is a given smooth function.

In-seminar group work

We will work on the following problem together in the seminar. It is best not to even read the
question in advance.

1.5 Let a, b and c be real numbers and suppose that b 6= 0. Use the method of characteristics to
find an explicit formula for a smooth function u : R2 → R which solves the equation

aux(x, t) + but(x, t) + cu(x, t) = 0 for all x ∈ R and t > 0

and satisfies the “initial condition” u(x, 0) = g(x) for all x ∈ R where g is a given smooth
function.



Review exercises

Here’s an addition homework exercise related to the method of characteristics that you can attempt
after seminar 2.

1.6 Let f : Rn × (0,∞)→ R and g : Rn → R be two smooth functions and b ∈ Rn. Consider the
equations

ut(x, t) + b · ∇u(x, t) = f(x, t) for x ∈ Rn and t > 0, and

u(x, 0) = g(x) for x ∈ Rn.
(†)

Here ∇ denotes the gradient vector in the x-variables. Set z(s) = u(x + bs, t + s) for fixed
x ∈ Rn and t > 0 and derive an ODE which z satisfies. Use this ODE to find a formula
for a solution u to (†). (This method simply takes the characteristic curves (X,T ) to be
X(s) = x + bs and T (s) = t + s.)


